In order to prevent loss of control (LOC) accidents, the real-time control performance monitoring (CPM) problem is studied for multicopters. Different from the existing literature, this paper does not try to monitor the performance of the controllers directly. Conversely, the unknown disturbances of the multicopter under off-nominal conditions are modeled and assessed. The monitoring results will tell the user whether a multicopter will be LOC or not. Firstly, a new degree of controllability (DoC) will be proposed for multicopters subject to control constrains and off-nominal conditions. Then a control performance index (CPI) will be defined based on the new DoC to reflect the control performance of the multicopters. Besides, the proposed CPI is applied to a new switching control framework to guide the control decision of multicopter under off-nominal conditions. Finally, simulation and experimental results will show the effectiveness of the CPI and the switching control framework proposed in this paper.
I. INTRODUCTION
M ULTICOPTERS are attracting increasing attention in recent years. The growing interest is partly due to the fact that multicopters can be used in numerous applications such as surveillance, inspection, and mapping. Besides, applications of large multicopters are becoming eye-catching, whilst there exists potential risk in civil safety if they crash [1] , especially in urban areas. Therefore, it is of great importance to consider the flight safety problem and prevent loss of control (LOC) [2] , [3] accidents of multicopters.
Current multicopter autopilots are primarily designed for operation under nominal conditions (e.g., predefined vehicle weight distribution, good vehicle health, and acceptable wind disturbances) by the makers. However, it is unavoidable to use the multicopter which may work under off-nominal conditions [2] (e.g., additional payloads, propulsor 1 degradation, unacceptable wind disturbances). As mentioned in [4] , it is necessary to assess the performance of the vehicle that can be achieved in the presence of off-nominal conditions. Based on the performance assessment results, proper failsafe control actions can be performed which do not worsen the situation any further. Therefore, a performance index, which will warn the users or guide the autopilots if the multicopter is The authors are with School of Automation Science and Electrical Engineering, Beihang University, Beijing 100191, China (dgx@buaa.edu.cn;buaa@buaa.edu.cn; z.xi@buaa.edu.cn; qwertyliuyang@buaa.edu.cn; ky-cai@buaa.edu.cn) 1 A propulsor is composed of a propeller, a motor, and an electronic speed control module, and is powered by a battery. In the literature, the term "rotor", "thruster" are also used.
working under off-nominal conditions, is required to monitor the control performance of the multicopter autopilot.
Control performance monitoring (CPM) is an interesting and important topic in the literature. This can be evidenced by the reviews in [5] - [7] and the references therein. In [5] , an overview of the status of control performance monitoring and assessment using minimum variance principles is provided. The overview of MIMO control performance monitoring is given by [6] while the review [7] has reported the most recent results in CPM research and their use in industry. From the literature, one can see that most of the CPM methods focus on the industrial production processes and most of the CPM methods try to monitor the output variance, step changes, settling time, decay ratio, or stability margin of the control systems online. For aircraft, the authors in [8] have provided a software tool for monitoring control law stability margins on-line in quasi-real-time. Robust tracking performance is proposed as a metric for the quantification of the permissible flight envelope in [9] . In this paper, the CPM problem of multicopter systems is considered. Here, we do not try to monitor the performance of the controllers. Conversely, the unknown disturbances of the multicopter under off-nominal conditions are modeled and monitored. The monitoring results could tell the user whether a multicopter will be LOC or not. The advantages of this idea lies in that only the disturbances are monitored and compared with a specific threshold which can be determined in the development process of a multicopter.
In this paper, a new Control Performance Index (CPI) will be proposed based on Degree of Controllability (DoC) [10] - [13] . DoC is a reasonable choice to reflect the performance that can be achieved in the presence of off-nominal conditions. However, the existing definitions of DoC suffer limited feasibility in practice because of the following reasons: i) Most of these definitions, such as the Grammian matrix based DoC [10] , [13] , do not consider the control constraints. ii) The state norm based DoC [11] , [12] only considers symmetrical control constraints and is recovery time related. Besides, consider the system expressed byẋ = Ax + B (u − d), where x ∈ R n , and u ∈ U ⊂ R m , the control constraint set U shrinks in presence of the external disturbance d. But as far as the authors understand, this scenario is not considered in the existing results. This paper will define a new kind of DoC for multicopters based on the Available Control Authority Index (ACAI) as in [14] . Comparing with existing DoCs, the new DoC has the following advantages: i) It is independent of recovery time. ii) It can reflect the effect of the disturbance d. iii) It considers the control constraints. A new CPI is defined based on the new DoC to demonstrate the control performance of multicopters, because the effect of off-nominal conditions can be lumped into d. The CPI can tell the user whether the multicopter is stable or not. Besides, the CPI proposed in this paper can be integrated into the open source autopilot, such as the Ardupilot project [15] , without the need for extra sensors.
In Section II, the dynamic models of multicopter systems are introduced and the objective of the paper is provided. In Section III, a preliminary on the ACAI is given, based on which a new DoC and a new CPI are defined for multicopters. Besides, a step-by-step procedure is provided to obtain the proposed CPI. In Section IV, the proposed CPI is applied to a switching control framework. Finally, the effectiveness of the new CPI is demonstrated by numerical and experimental results in Section V. Section VI concludes the paper. The major contributions of this paper lie in: 1) the definition of the new DoC for multicopter systems, based on which a new CPI is proposed and used to monitor the real-time control performance of multicopters working under off-nominal conditions, 2) the proposed CPI is used in a switching control framework to guide the control decision of multicopters under off-nominal conditions.
II. PROBLEM FORMULATION

A. Mathematical Model of Multicopters
As shown in [14] , there are various types of multicopters with different number of propulsors and different configurations. Let m a denotes the mass of the multicopter, h, v h denote the altitude and vertical velocity, φ , θ , ψ denote the roll, pitch and yaw angles, and p, q, r denote the roll, pitch and yaw angular velocities of multicopter, respectively. Then, the mathematical model of multicopters is nonlinear and the rigid body equations of motion of the airframe are [16] 
where u t is the total thrust, g is the acceleration of gravity,
are the airframe roll, pitch and yaw torque of multicopter, respectively) and the notation ω × denotes the skew-symmetric matrix, such that ω × v = ω × v for the vector cross product × and any vector v. The matrix J = diag (J x , J y , J z ) ∈ R 3×3 is the constant inertia matrix where J x , J y , J z are the moment of inertia around the roll, pitch and yaw axes of the multicopter frame, respectively. Here, the horizontal position channel model is omitted for simplification. The orientation of the multicopter is given by the rotation matrix R (see [16] ). However, if the multicopter is hovering, the aerodynamic damping and stiffness is ignorable, and the linear dynamical model of a multicopter in the neighborhood of the equilibrium is given as [14] 
where x ∈ R 8 is the state vector, A ∈ R 8×8 , B ∈ R 8×4 are real matrices, g ∈ R 4 is the gravity vector of the multicopter, u f ∈ R 4 is the total thrust and torques vector of the system and
According to [14] and [17] , the mapping from the propulsor thrust f i , i = 1, · · · , n P to the thrust and torques vector u f is
where B f ∈ R 4×n P is the control effectiveness matrix.
B. Multicopter Modeling Under Off-nominal Conditions
The off-nominal conditions of interest in this paper cover additional payloads, propulsor degradation, and unacceptable wind disturbances. Additional payloads will change J f of the multicopter. The propulsor degradation will change the control
n P is used to account for propulsor efficiency degradation which means that the effectiveness of propulsor i is reduced by 100η i %. If the ith propulsor completely fails, then η i = 1. As the wind disturbance only affect the dynamics of multicopters but not the multicopter kinematics, the wind disturbances can be denoted as d w ∈ R 4 . This means that the wind effect is formulated as a thrust/torque disturbance added to the multicopter. Then, system (2) is modified aṡ
and ∆g are the variations (introduced by the additional payloads) of J −1 f and g, respectively. From the above, (5) can be rewritten aṡ
Here, the lumped external disturbance d is used to reflect the effect of the off-nominal conditions and
. For a multicopter system without off-nominal conditions, one has d = g.
In practice, f i ∈ [0, K i ] , i = 1, · · · , n P (where K i is the maximum thrust of the i-th propulsor) because the propulsors can only provide unidirectional thrust (upward or downward). As a result, the propulsor thrust f is constrained by
Let u = u f − d ∈ R 4 denote the control vector of (6), then one has
according to (4) and (7) . Obviously, the system (6) is a nonlinear one with constrained control inputs.
C. Objective of the Paper
The objective of this paper is to solve the following problems: (i) How to monitor the control performance of the multicopters that is controlled by autopilots designed under nominal conditions, and (ii) how to guide the users or the autopilots based on the monitoring results.
III. A CONTROL PERFORMANCE INDEX FOR MULTICOPTERS
A. Preliminaries
In practice, if the unknown disturbance d introduced by the off-nominal conditions makes the system in (6) uncontrollable, then the multicopter will be LOC. In order to test the controllability of the disturbance driven system in (6), the ACAI based controllability analysis method in [14] is used. The ACAI, which is spurred by the research in [17] , was first proposed in [14] and was originally used to check on the positive controllability of multicopters. According to [14] , a new measurement on the available control authority is defined as
where ∂ Ω is the boundary of Ω, Ω C is the complementary set of Ω, and ρ (α α α, ∂ Ω) represents the distance from α α α to ∂ Ω.
Then the ACAI of system (6) is defined as ρ (d, ∂ Ω) ∈ R and the following theorem is obtained directly according to the results in [14] . Theorem 1. The system in (6) is controllable if and only if ρ (d, ∂ Ω) > 0.
Obviously, ρ (d, ∂ Ω) is the radius of the biggest enclosed sphere centered at d in the attainable control set Ω. It is obvious that the larger the value of ρ (d, ∂ Ω) is, the larger is the attainable control set. Then the system has more control authority and can be more resilient to disturbances. On the contrary, the smaller the value of ρ (d, ∂ Ω) is, the smaller is the attainable control set. Then the system has less control authority, and may be less resilient to disturbances. In particular, if ρ (d, ∂ Ω) is zero, no enough control can be provided to stabilize the system, and the system is therefore LOC. In order to compute the value of ρ (d, ∂ Ω), a step-by-step ACAI computing procedure is given by [14] , and the readers are referred to the toolbox provided in [18] .
B. A Control Performance Index
It is easy to see that, the ACAI ρ (d, ∂ Ω) can be used to indicate the disturbance resilience and control performance of multicopters. However, it is not a control performance index intuitively. To account for this, a new DoC is defined first, based on which a CPI is proposed.
1) A New Definition of the Degree of Controllability: Based on the results in [14] , a virtual ACAI ρ u f c , ∂ Ω is used to normalize the ACAI, where u f c = B f f c is the center of Ω and
According to (9), the following lemma is obtained.
∂ Ω is the maximum ACAI of system (6) .
Proof. See Appendix for details. In the following, ρ u f c , ∂ Ω will be used to define the DoC of the multicopter system: Definition 1 (Degree of Controllability for Multicopters). The degree of controllability for the multicopter system in (6) is defined as
where ρ (d, ∂ Ω) is the ACAI of the multicopter system. According to Definition 1, it is obvious that
and σ shows the impact of the disturbance d on the virtual multicopter system where the disturbance in the system (6) satisfies d = u f c . Consider an extreme case where d = 0 when the multicopter is hovering, then there is no control margin to land the multicopter as the propulsors can only provide upwards thrust. Similarly, if d = 2u f c , namely all the propulsors are providing the maximum thrust, then there is no control margin to lift the multicopter. In order to ensure a sufficient control margin and obtain a more controllable multicopter, the designer often designs u f c = g by choosing proper propulsion system in practice. If g = u f c and other disturbance is ignored, the system (6) will obtain the maximum
According to (9) , ρ (d, ∂ Ω) ≤ 0 if the multicopter system is uncontrollable. For the sake of simplicity,
Then it is obvious that σ = 0 when the multicopter system in (6) is uncontrollable. Then the following theorem holds: Theorem 2. For the system in (6), the DoC satisfies σ ∈ [0, 1].
Proof. As σ ≥ 0, it is obviously that σ ∈ [0, 1] according to Lemma 1 and Definition 1.
2) Definition of the Control Performance Index: It is known that the DoC σ shows how controllable the system is. However, controllability does not imply stability. In practice, people concern stability more than controllability of a multicopter hovering in the air. In order to show the stability performance of the flying vehicle, this paper will define a new control performance index based on the DoC σ .
Suppose that d ∈ U d . Then a new constraint set U σ 0 is defined as
where U σ 0 contains all the disturbances satisfying ρ (d, ∂ Ω) ≥ σ 0 ρ u f c , ∂ Ω . Given a controller u = u (x,t), a large enough disturbance will make system (6) unstable. Then a definition of control performance threshold (CPT) σ th is given as follows: Definition 2 ( Control Performance Threshold). The CPT of the system in (6) is defined as
where the multicopter system (6) subject to disturbance ∀d ∈ U σ 0 =σ s (i.e., any d satisfying ρ (d, ∂ Ω) ≥ σ s ρ u f c , ∂ Ω ) is stable given a control strategy u = u (x,t).
Without loss of generality, the CPT σ th < 1 for the system (6) controlled by a reasonable and robust strategy u = u (x,t). If σ th is determined for the control strategy u = u (x,t), then the system is stable if σ ≥ σ th and the system is unstable if σ < σ th . In order to show how stable the system is, a control performance index is defined based on Definition 1 and Definition 2:
Definition 3 (Control Performance Index). The CPI of the multicopter system in (6) is defined as
where σ th < 1 is CPT of the system in (6) . From Definition 3, it is obvious that the multicopter is stable if S ≥ 0 and unstable if S < 0. As σ ∈ [0, 1], then one has
Now the stability of the multicopter system can be indicated by the CPI S.
C. Threshold Value Determination
As mentioned above, there is a CPT σ th for the specified control strategy u = u (x,t), and the control strategy is stable if σ ≥ σ th . In practice, it is hard to compute σ th theoretically due to the complexity of the control strategies. In this paper, the CPT σ th is obtained through repetitive simulations and real flight experiments. It should be pointed out that the nonlinear dynamics shown in equation (1) is applied in the simulations whilst the linear model (6) is only used to compute the DoC of the multicopter. The lumped disturbance d is considered and the computing procedure is as follows:
Step 1: Generate the disturbance grid set Θ ⊂ R 4 of the dis-
where i = 1, 2, 3, 4 and d i,min , d i,max are the minimum and maximum value of d i respectively. Suppose that [d i,min , d i,max ] is divided into n d grid points, then U d changes to Θ ⊂ R 4 with n 4 d points.
Step 2: Compute the ACAI of the multicopter system (6) corresponding to each disturbance grid points in Θ.
Step 3: Compute the DoC σ of each disturbance grid points in Θ, and the results is denoted by set Λ.
Step 4: Let k = 0, and ∆σ ∈ (0, 1].
Step 5: Let k = k + 1. If k∆σ > 1, go to Step 8.
Step 6: Check the stability of the specified control strategy u = u (x,t) for all the disturbance grid points satisfying 1 − k∆σ ≤ σ < 1 − (k − 1)∆σ , which is denoted by Θ k .
Step 7: If the control strategy u = u (x,t) is stable under all the specified disturbance grid points in Θ k , go to Step 5. If the control strategy is unstable under any of the specified disturbance grid points in Θ k , go to Step 8.
Step 8: The CPT is obtained as σ th = 1 − (k − 1)∆σ . It is obvious that the larger the value of n d is and the smaller the value of ∆σ is, the more accurate is the threshold σ th . In practice, the CPT needs to be checked by real flight experiments. Fortunately, there is no need to check all the disturbance grid points that satisfy σ ≥ σ th . If the control strategy u = u (x,t) is stable with all the disturbance grid points that satisfy σ th ≤ σ ≤ σ th + C σ , then the system is always stable if σ > σ th + C σ , where C σ is a specified confidence value. Therefore, only the disturbance grid points that satisfy σ th ≤ σ ≤ σ th + C σ need to be tested by experiments.
D. Confidence Analysis of the Real-time Control Performance Index
In order to get the CPI S, one needs to compute the DoC σ and the disturbance d needs to be estimated online where a Kalman filter is usually used. Denote the estimation value of d asd. However, the disturbance estimationd is not equal to the real disturbance d. For a given disturbance d, the estimation d is subject to noise in nature. In order to avoid false alerts, confidence analysis needs to be performed.
Due to the stochastic nature ofd, the stochastic distribution of S is assumed to be S = µ S + ε S where µ S is the mean value of S, and ε S ∼ N (0, Σ S ) is the estimation noise of S which is assumed to be white Gaussian noise and the variance of ε S is Σ S . Then the stochastic distribution of S is obtained as
From (18), the CPI S ∼ N (µ S , Σ S ). In this paper, it is assumed that if the probability that S is nonnegative is 95%, i.e. P (S ≥ 0) ≥ 95%, the system (6) is considered to be stable. Then the following proposition holds:
where µ S is the mean value of S, and Σ S is the variance of S. Proof. According to [19] , one has P (S ≥ 0) = 1 − P(S < 0). Besides, S has a N (µ S , Σ S ) distribution if and only if Z S = (S − µ S )/ √ Σ S has a N (0, 1) distribution. Then, P (S < 0) is given by the following expression
By looking up the table of normal distribution in [19] ,
In practice, the mean value and the covariance of S can be obtained based on history data analysis with the assumption that the off-nominal conditions are slow varying and the delay introduced by the analysis process is acceptable.
IV. APPLICATION OF THE CONTROL PERFORMANCE INDEX
In this section, the proposed CPI is used for a switching control framework for multicopters, which is composed by a CPI estimator, two control strategies, and a switching control allocation module. This framework can switch between the two control strategies based on the real-time CPI value. 
A. Switching Control Framework
The diagram of the switching control framework is shown in Fig.1 . Practically, the reference signal (h c , v c , φ c , p c , θ c , q c , ψ c , r c ) T is given by top level guidance module or the pilots on the ground. This framework has four major assemblies: i) Two control strategies: the nominal control strategy and the degraded control strategy, ii) a real-time CPI estimator, iii) a disturbance observer, and iv) a switching control allocation module based on the CPI. The aim of this setup is to update the CPI online in case of off-nominal conditions, and compensate for the effect of the lumped disturbance by using the control strategies and the switching control allocation system.
There are many research on the nominal control of multicopters, see [16] , [20] , [21] and the references therein. In order to make this paper more extensible, the nominal control strategy in the framework is not specified. For the case that the multicopter under severe off-nominal conditions is uncontrollable, a degraded control strategy will be adopted. The papers [22] - [26] studied a relaxed hover solution for multicopters where the vehicle may rotate at a constant velocity in hover, which gives up the control of the yaw angle, i.e. the yaw states are ignored. In the following, the lumped disturbance, DoC, CPT and CPI of the degraded system without yaw states are denoted byd,σ ,σ th andS, respectively. Then, these strategies are now integrated with an online estimator for the CPI, resulting in a switching control allocation system that is robust against off-nominal conditions. Besides, this framework can deliver the real-time control performance state of the multicopters to the ground station so that the on-ground pilots can decide whether to continue or abort the mission.
In practice, a Kalman filter based on the dynamic model shown in (6) is a reasonable choice to estimate the disturbances. The ACAI can be obtained according to the computation procedure given in [14] and the toolbox in [18] . Based on the ACAI, the DoC and the CPI of the system are obtained according to the results in Section III. In the following, a switching control allocation module based on the CPI is proposed.
B. Switching Control Allocation Based on the Control Performance Index
According to Definition 1, Definition 2, and Definition 3, the following observations are obtained: Fig. 2 . Switched control allocation for multicopters Observation 1. If σ ≥ σ th , then S ≥ 0. The multicopter system is controllable and the nominal control strategy is stable, then it is safe to continue the flight.
Observation 2. If 0 < σ < σ th andσ ≥σ th , then S < 0,S ≥ 0. The multicopter system (6) is controllable but the nominal control strategy is unstable, then it is unsafe to continue the mission but the multicopter can be landed with a degraded performance.
Observation 3. If σ ≤ 0 andσ ≥σ th , then S < 0,S ≥ 0. The multicopter system (6) is uncontrollable, and it is unsafe to continue the mission but the multicopter can be landed with a degraded performance.
Observation 4. If σ ≤ 0 andσ <σ th , then S < 0,S < 0. The multicopter system (6) will be in LOC status.
Then the idea behind the switching control allocation is to give up the control of the yaw angle if P (S ≥ 0) < 95% and P S ≥ 0 ≥ 95%, which is shown in Fig.2 .
As shown in Fig.2 , there are two safe control allocation modes and one LOC mode: i) Safe Flight mode, where the total thrust u t and all three control torques τ x , τ y , τ z are allocated to all the propulsors.
ii) Safe Landing mode, where the total thrust u t and rollpitch control torques τ x , τ y are allocated to all the propulsors.
iii) Loss-of-control is an unsafe state that the multicopter will crash onto the ground regardless of the control strategies used.
As the details of the degraded control strategy are beyond the scope of this paper, the readers are referred to [25] , [26] for more information.
V. SIMULATION AND EXPERIMENTS
In order to show the effectiveness of the proposed CPI, both numerical and experimental results are given in this section. As the CPI proposed by this paper can be applied to most kinds of multicopters (e.g., quadcopters, hexacopters), a hexacopter subject to propulsor faults is simulated to show the effectiveness of the proposed CPI and switching control framework. Moreover, a number of real flight experiments are carried out to show the effectiveness of the CPI based on a quadcopter platform. As mentioned before, off-nominal conditions (i.e., additional payloads, propulsor degradation, and unacceptable wind disturbances) are considered in this paper. However, the wind disturbance is not easy to simulate for multicopters. Therefore, only the propulsor degradation (in the simulations) and additional payloads (in the experiments) are considered in this section.
A. Simulations and Results
Here, a traditional hexacopter with symmetric configuration (see [14] for the detailed parameters of the hexacopter) is considered to show the effectiveness of the proposed CPI and the switching control framework. The simulation model of the hexacopter is constructed which consists of three main modules: i) two control strategies: the nominal control strategy and the degraded control strategy, ii) a real-time estimator for the CPI S andS, iii) a switching control allocation method based on the CPI, which is consistent with the switching control allocation system shown in Fig.2 . In the simulation, the hexacopter is controlled to 1 meter above the ground (h c = 1), and maintains the level state (φ c = θ c = ψ c = 0).
In order to compute the ACAI ρ (d, ∂ Ω), a Kalman filter is used to estimate the lumped disturbance d. Based on the estimated disturbanced, the value of the ACAI can be computed according to the procedure presented in [14] . Then, the DoC σ and the CPI S can be computed based on the ACAI. Similarly, the lumped disturbance of the degraded system can be estimated and the DoCσ and the CPIS can be computed. The details are omitted here.
1) Threshold Value Determination: According to the computing procedure for the threshold value in Section III.C, we set n d = 21, ∆σ = 0.1, and simulations are performed at 194481 points and the results are shown in Table I . From Table I , it can be seen that the system (6) controlled by the nominal control strategy is always stable if σ ≥ 0.4. Similarly, the degraded system controlled by a degraded control strategy is simulated and is always stable ifσ ≥ 0.4 (the details are omitted here). Then we get the threshold value of the considered hexacopter as follows σ th = 0.4,σ th = 0.4.
2) Simulation Results: In the simulation, the hexacopter is hovering with full attitude control initially, i.e., the altitude and the roll-pitch-yaw angles are all under control. At time t = 5s, propulsor 2 fails and the reduced attitude control is switched to based on the switching control methodology. The simulation results are shown in Fig.3 and Fig.4 . In Fig.3 , the real-time altitude and attitude information are shown, where the multicopter is in Safe Flight mode when no faults occurred and then switched to the Safe Landing mode after propulsor 2 fails. The real-time CPIs S,S are shown in Fig.4 from which it is seen that S < 0 andS > 0 after the failure of propulsor 2.
According to the simulations results, it is shown that the proposed switching control framework based on the proposed CPI is effective. In the following, experiments are carried out to show the effectiveness of the real-time CPI estimator in the switching control framework.
B. Experimental Results
A quadcopter platform named Qball-X4 [27] (a quadcopter developed by Quanser) is used in the experiments to show that the CPI can be used to monitor the performance of the vehicle. A group of PID controllers are offered by the manufacturer of the Qball-X4 for altitude and attitude control purpose. In order to get the CPT of Qball-X4, the Qball-X4 simulation model offered by the Quanser Company is modified slightly and the threshold value determination procedures are used. Here, the details are omitted and the CPT of the Qball-X4 is σ th = 0.3993. In the experiments, different weights are attached to the same specified place as shown in Fig.5 and the real-time CPI will show the control performance of the quadcopter. In order to verify the experimental results, the maximum weight allowed by the quadcopter, which is m max = 126g, is obtained by plenty of simulations. The main purpose of the experiments here is to verify the effectiveness of the CPI which are used to show the real-time control performance of the quadcopter and guide the autopilot to make safety decisions. The safety decision (1 for stable and 0 for unstable) is made based on (19) . These experiments are recorded in the online video [28] or [29] .
1) Case 1: A 100g weight was attached to the Qball-X4: Fig.6 shows the experimental results where 100g weight is attached to specified place as shown in Fig.5 . The 100g weight was attached at time t = 81s, and the aircraft is still stable with the PID controllers. Then the 100g weight was removed at time t = 96s. The CPI results in Fig.6 show that the Qball-X4 is always stable during the flight.
2) Case 2: Totally 150g weight was attached to the Qball-X4: However, in the second flight, totally 150g weight was attached to the same place and the results are shown in Fig.7 . Firstly, 100g weight was attached at time t = 33s, the aircraft is stable. Then 50g weight was attached to the same place as the 100g weight at time t = 63s, and the CPI results in Fig.7 show that the Qball-X4 is unstable after the 50g weight is attached. From the video recording of this experiment, it is seen that Qball-X4 is oscillating. The safety decision results is reasonable as the maximum weight allowed is 126g whilst Fig. 7 . A 100g weight was attached to the Qball-X4 at time t = 33s and then a 50g weight was added at time t = 63s totally 150g weight was attached.
3) Case 3: Totally 200g weight was attached to the Qball-X4: In the last flight, totally 200g weights was attached to the same place and the results are shown in Fig.8 . Firstly, 100g weight was attached at time t = 57s, the aircraft is stable. Then another 100g weight was attached to the same position at time t = 79s, and the CPI results in Fig.8 show that the Qball-X4 is unstable after the second weight is attached. From the video recording of this experiment, it is seen that the Qball-X4 crashed eventually. From the above experiments, it can be seen that the CPI proposed by this paper is effective in practice. The CPI can be used to monitor the real-time control performance of the multicopters and tell the users whether the vehicle is safe to operate or not.
VI. CONCLUSIONS
This paper studied the performance assessment problem of multicopters subject to off-nominal conditions. Firstly, a new definition of Degree of Controllability (DoC) was proposed for multicopters subject to control constrains and off-nominal conditions to show the available control authority of the vehicle. Then, a control performance index (CPI) was defined based on the new DoC to reflect the control performance of the multicopters. A step-by-step procedure was also provided to obtain the control performance threshold (CPT) which would be used to compute the CPI. Besides, the proposed CPI is used to guide the switching control of multicopters in a new switching control framework. Finally, simulation and experimental results showed the effectiveness of the switching control framework and the CPI proposed in this paper. APPENDIX: PROOF OF LEMMA 1 In the following, it is assumed that ρ (d, ∂ Ω) > 0. According to Theorem 3 in [14] , if rank B f = 4, then the ACAI ρ (d, ∂ Ω) is given by
where d j = +∞ if rank B 1. j < 3 and 
According to (23) and (25), one has d j ≤ d c j . Then ρ (d, ∂ Ω) ≤ ρ u f c , ∂ Ω according to (22) and (24) . Then, ρ u f c , ∂ Ω is the maximum ACAI of system (6) .
